We show how the squeezing of light can lead to the formation of topological states. Such states are characterized by non-trivial Chern numbers, and exhibit protected edge modes which give rise to chiral elastic and inelastic photon transport. These topological bosonic states are not equivalent to their fermionic (topological superconductor) counterparts and cannot be mapped by a local transformation onto topological states found in particle-conserving models. They thus represent a new type of topological system. We study this physics in detail in the case of a Kagome lattice model, and discuss possible realizations using nonlinear photonic crystals or superconducting circuits.
I. INTRODUCTION
There has been enormous interest in trying to replicate the physics of topological electronic phases in a variety of bosonic systems, including cold atoms [1] , photonic systems [2] and more recently phononic systems [3] [4] [5] [6] [7] [8] [9] . Photonic analogues include quantum-Hall like states induced through the introduction of synthetic gauge fields [10] [11] [12] [13] [14] [15] [16] , phases which are analogous to time-reversal invariant topological insulators [17] [18] [19] , Floquet topological insulators [20, 21] and even Majorana-like modes [22] . Experimental studies of such phases have made significant progress [19, 21, [23] [24] [25] [26] . In addition to being of fundamental interest, these topological photonic and phononic phases could have practical utility, as they provide disorder-protected edge modes that could be used for chiral light and sound propagation.
Despite this intense activity, most works on topological bosonic states amount in the end to replicating a wellknown fermionic single-particle Hamiltonian with bosons; as the topological properties are a function of the resulting single-particle eigenstates, particle statistics play no crucial role, except perhaps in the methods used for probing the system. As we now discuss, this simple correspondence will fail if the particle number is not conserved.
Consider the most general quadratic Hamiltonian describing bosons on a lattice which respects the discrete translational invariance of the lattice, but which does not conserve particle number:
(1) The first term describes a non-interacting bandstructure, where k runs over momenta in the first Brillouin zone, and n labels the bands. The remaining terms correspond to parametric driving or two-mode squeezing terms. As we discuss below, they can be controllably realized in a number of different settings, with theb k,m operators describing "real" particles (i.e. photons in a cavity lattice), and not quasiparticles defined above some Photons hop between nearestneighbor sites with rate J. Each cavity is driven parametrically leading to the creation of photon pairs on the same lattice site (rate νon) and on nearest-neighbor sites (rate ν off ). A spatial pattern of the driving phase is imprinted on the parametric interactions, breaking the time-reversal symmetry (but preserving the C3 rotational symmetry). effective condensate. While superficially similar to pairing terms in a superconductor, these two-mode squeezing terms have a profoundly different effect in a bosonic system, as there is no limit to the occupancy of a particular single-particle state. They can give rise to highly entangled ground states, and even to instabilities. Given these differences, it is natural to ask how anomalous "pairing" terms can directly lead to topological bosonic phases. In this work, we study the topological properties of 2D systems described by Eq. (1), in the case where the underlying particle-conserving band structure has no topological structure, and where the parametric driving terms do not make the system unstable. We show that the introduction of particle non-conserving terms can break time-reversal symmetry (TRS) in a manner that is distinct from having introduced a synthetic gauge field, and can lead to the formation of bands having a non-trivial pattern of (suitably defined) quantized Chern numbers. This in turn leads to the formation of protected chiral edge modes: unlike the particle conserving case, these modes can mediate a protected inelastic scattering mechanism along the edge (i.e. a probe field injected into the edge of the sample will travel along the edge, but emerge at a different frequency). In general, the topoarXiv:1508.01383v1 [cond-mat.mes-hall] 6 Aug 2015 logical phases we find here are distinct both from those obtained in the particle-conserving case, and from those found in topological superconductors. We also discuss possible realizations of this model using a nonlinear photonic crystal or superconducting microwave circuits.
Note that recent works have explored topological features of bosonic quasiparticles in condensed phases; interactions with the condensate treated at the mean-field level yield a Hamiltonian having the general form of Eq. (1). These include a study of a magnonic crystal [27] , as well as general Bose-Einstein condensates in 1D [28] and in 2D [29] . Unlike our work, these studies did not explore the general role that tunable squeezing terms play in yielding topological states. Further, in our case Eq. (1) describes the "real" particles of our system, not quasiparticles defined above some background; this makes detection and potential applications much easier. Most importantly, the topologically-protected inelastic scattering we describe is absent in those different settings.
II. RESULTS

A. Kagome lattice model
For concreteness, we start with a system of bosons on a kagome lattice (see Fig.1 ),
(we seth = 1). Here, we denote byâ j the photon annihilation operator associated with lattice site j, where the vector site index has the form j = (j 1 , j 2 , s). j 1 , j 2 ∈ Z labels a particular unit cell of the lattice, while the index s = A, B, C labels the element of the sublattice. j, j indicates the sum over nearest neighbors, and J is the (real valued) nearest neighbor hopping rate; ω 0 plays the role of an on-site energy. As there are no phases associated with the hopping terms, this Hamiltonian is timereversal symmetric and topologically trivial. We chose the kagome lattice because it is directly realizable both in quantum optomechanics [5] and in arrays of superconducting cavity arrays [12, 15] ; it is also the simplest model where purely local parametric driving can result in a topological phase. We next introduce quadratic squeezing terms to this Hamiltonian that preserve the translational symmetry of the lattice and that are no more non-local than our original, nearest-neighbor hopping Hamiltonian:
Such terms generically arise from having a nonlinear interaction with a driven auxiliary pump mode on each site (which can be treated classically). As we discuss below, the variation in phases inĤ L from site to site could be achieved by a corresponding variation of the driving phase of the pump. Note that we are working in a rotating frame where this interaction is time-independent, and thus ω 0 should be interpreted as the detuning between the parametric driving and the true on-site (cavity) frequency ω cav (i.e. ω 0 = ω cav − ω L /2, where the parametric driving is at a frequency ω L ). The parametric driving can cause the system to become unstable; we will thus require that the on-site energy ω 0 is always sufficiently large that each parametric driving term is sufficiently non-resonant to ensure stability.
For a generic choice of phases in the parametric driving Hamiltonian of Eq. (3), it is no longer possible to find a gauge whereĤ =Ĥ 0 +Ĥ L is purely real when expressed in terms of real-space annihilation operators: hence, even though the hopping HamiltonianĤ 0 corresponds to strictly zero flux, the parametric driving can itself break TRS. In what follows, we will focus for simplicity on situations where time-reversal and particleconservation are the only symmetries broken by the parametric driving: they will maintain the inversion and C3 rotational symmetry of the kagome lattice. We will also make a global gauge transformation so that ν off is purely real, while ν on = |ν on |e iϕν . In this case, the only possible choices for the φ phases have the form (φ A , φ B , φ C ) = (φ AB , φ BC , φ CA ) = ±(0, δ, 2δ) with δ = 2πm ν /3, m ν is an integer and is the vorticity of the parametric pumps.
B. Gap opening and non-trivial topologŷ
H 0 is the standard tight-binding kagome Hamiltonian for zero magnetic field, and does not have band gaps: the upper and middle bands touch at the symmetry point Γ ≡ (0, 0), whereas the middle and lower bands touch at the symmetry points K = (2π/3, 0) and K = (π/3, π/ √ 3) where they form Dirac cones [see Fig. 2(a) ].
Turning on the pairing terms, the HamiltonianĤ = H 0 +Ĥ L can be diagonalized in the standard manner aŝ H = n,k E n [k]β † n,kβn,k , where theβ n,k are canonical bosonic annihilation operators determined by a Bogoliubov transformation of the form (see Appendix A for details):
Here,â k,s are the annihilation operators in quasimomentum space, and n = 1, 2, 3 is a band index; we count the bands by increasing energy. The photonic single-particle spectral function now shows resonances at both positive and negative frequencies, ±E n [k], corresponding to "particle"-and "hole"-type bands, see Fig. 2(d) . Because of the TRS breaking induced by the squeezing terms, the band structure described by E n [k] now exhibits gaps, see Fig. 2(b) ; further, for a finite sized system, one also finds edge modes in the gap, see Fig. 2 (d). The above behaviour suggests that the parametric terms have induced a non-trivial topological structure in the wavefunctions of the band eigenstates. To quantify this, we first need to properly identify the Berry phase associated with a bosonic band eigenstate in the presence of particle non-conserving terms. For each k, the Bloch HamiltonianĤ k corresponds to the Hamiltonian of a multi-mode parametric amplifier. Unlike the particleconserving case, the ground state of such a Hamiltonian is a multi-mode squeezed state with non-zero photon number; it can thus have a non-trivial Berry's phase associated with it when k is varied, see Appendix B. The Berry phase of interest for us will be the difference of this ground state Berry phase and that associated with a single quasiparticle excitation. One finds that the resulting Berry connection takes the form
Here, the 6-vector of Bogoliubov coefficients |k,
plays the role of a singe-particle wavefunction, andσ z acts in the 'particle-hole-space', associating +1 to the ucomponents and −1 to the v-components, see Appendix B for details. These effective wavefunctions obey the symplectic normalization condition
Having identified the appropriate Berry connection for a band eigenstate, the Chern number for a band n is then defined in the usual manner:
This definition agrees with that presented in Ref. [27] and (in 1D) Ref. [28] ; standard arguments [27] show that the C n are integers with the usual properties. We note that, as for superconductors, breaking the U (1) (particleconservation) symmetry remains compatible with a firstquantized picture after doubling the number of bands. The additional 'hole' bands are connected to the standard 'particle' bands by a particle-hole symmetry; see Appendix A. In bosonic systems, the requirement of stability implies that particle and hole bands can not touch. Thus, the sum of the Chern numbers over the particle bands (with E > 0) must be zero, and there cannot be any edge states with energies below the lowest particle bulk band (or in particular, at zero energy); see Appendix B.
In the special case where we only have onsite parametric driving (i.e. ν off = 0, ν on = 0), the Chern numbers can be calculated analytically (see Appendix C). They are uniquely fixed by the pump vorticity. If m ν = 0, we have TRS and the band structure is gapless, while for m ν = ±1, C = (∓1, 0, ±1). This set of topological phases also occurs in a particle-number conserving model on the kagome lattice with a staggered magnetic field, i.e. the Oghushi-Murakami-Nagaosa (OMN) model of the anomalous quantum Hall effect [30, 31] .
In the general case, including offsite parametric driving, entirely new phases appear. We have computed the Chern numbers for that case numerically, using the approach of Ref. [32] . In Fig. 3(a) , we show the topological phase diagram of our system, where J/ω 0 and m ν are held fixed, while the parametric drive strengths ν on , ν off are varied. Different colors correspond to different triplets C ≡ (C 1 , C 2 , C 3 ) of the band Chern numbers, with gray and dark-gray corresponding to the two phases already present in the OMN model. Strikingly, a finite off-diagonal coupling ν off generates a large variety of phases which are not present in the OMN model. The border between different topological phases represent topological phase transitions, and correspond to parameter values where a pair of bands touch at a particular symmetry point; we discuss this further below. 
in Fig. 3b the color of the small triangular region in the left half of the figure, just below the yellow dotted line, is almost impossible on my screen to distinguish from the green areas nearby. 
C. Effective model
To gain further insight into the structure of the topological phases found above, it is useful to work in a "dressed-state" basis that eliminates the local parametric driving terms from our Hamiltonian. We thus first diagonalize the purely local terms in the Hamiltonian; for each lattice site j we havê
, and the annihilation operatorŝ α j are given by a local Bogoliubov (squeezing) transformationα j = e iφ j e −iϕν /2 cosh ra j − e iφ j e iϕν sinh râ † j , where the squeezing factor r is
On a physical level, the local parametric driving terms attempt to drive each site into a squeezed vacuum state with squeeze parameter r; theα j quasiparticles correspond to excitations above this reference state. Note that we have included an overall phase factor in the definition of theα j which will simplify the final form of the full Hamiltonian.
In this new basis of local quasiparticles, our full Hamiltonian takes the form
The transformation has mixed the hopping terms with the non-local parametric terms: The effective counterclockwise hopping matrix element is
and the magnitude of the effective non-local parametric driving is
Note that the phase ofν can be eliminated by a global gauge transformation, and hence it plays no role; we thus takeν to be real in what follows. Our model takes on a much simpler form in the new basis: the onsite parametric driving is gone, and the nonlocal parametric driving is real. Most crucially, the effective hoppings now can have spatially-varying phases, which depend both on the vorticity of the parametric driving inĤ L (through δ), and the magnitude of the onsite squeezing (through r). In this transformed basis, the effective hopping phases are the only route to breaking TRS. If the parametric terms were not present, the complex phases would correspond in the usual manner to a synthetic gauge field (i.e. the effective flux Φ piercing a triangular plaquette would be Φ = 3 argJ). Our model has thus been mapped on to the standard OMN model for the anomalous quantum Hall effect, with an additional (purely real) nearest-neighbour two-mode squeezing interaction. However, we note that strictly speaking Φ can not be interpreted as a flux in the presence of the additional parametric terms: a 'flux' of 2π can not be anymore eliminated by a gauge transformation because the complex phases reappear in the parametric terms. In that case, only a periodicity of 6π in Φ is retained, since that corresponds to having trivial hopping phases of 2π.
Understanding the topological structure of this transformed Hamiltonian is completely sufficient for our purposes: one can easily show that the Chern number of a band is invariant under any local Bogoliubov transformation, hence the Chern numbers obtained from the transformed Hamiltonian in Eq. (8) will coincide exactly with those obtained from the original Hamiltonian in Eq. (3). We thus see that the topological structure of our system is controlled completely through only three dimensionless parameters: the 'flux' Φ associated with the hopping phase, the ratio |ν/J| and the ratioω/|J|.
The topological phase diagram for the effective model is shown in Fig. 3(b) . Again, one sees that as soon as the effective non-local parametric driveν is non-zero, topological phases distinct from the standard (particleconserving) OMN model are possible. The sign of the parametric pump vorticity m ν determines the sign of the effective flux Φ, c.f. Eq. 11. As such, the right half of Fig. 3(b) (corresponding to Φ > 0) is a deformed version of the phase diagram of the original model for pump vorticity m ν = 1, as plotted in Fig. 3(a) . Changing the sign of m ν (and hence Φ) simply flips the sign of all Chern numbers, see Appendix C.
Our effective model provides a more direct means for understanding the boundaries between different topological phases. Most of these are associated with the crossing of bands at one or more high-symmetry points in the Brillouin zone; this allows an analytic calculation of the phase boundary (see Appendix C). Perhaps most striking in Fig. 3(b) is the horizontal boundary (labelled M), occurring at a finite value of the effective offsite parametric drive,ν ≈ Jω . This boundary is set by the closing of a band gap at the M points; as these points are associated with the decoupling of one sublattice from the other two, this boundary is insensitive to the flux Φ. Similarly, the vertical line labeled T denotes a line where the system has TRS, and all bands cross at the symmetry points K, K and Γ. The case of zero pump vorticity m ν = 0 (not shown) is also interesting. Here, the effective flux Φ depends on the strength of the parametric drivings, but is always constrained to be 0 or 3π. This implies that the effective Hamiltonian has TRS, even though the original Hamiltonian may not (i.e. if Im ν off = 0, the original Hamiltonian does not have TRS). For m ν = 0, the parametric drivings do not open any band gap and the Chern numbers are not well defined.
D. Edge states and transport
Despite their modified definition, the Chern numbers associated with our Bogoliubov bands still guarantee the existence of protected chiral edge modes in a system with boundaries via a standard bulk-boundary correspondence, see Appendix D. These states can be used to transport photons, by exciting them with an auxiliary probe laser beam which is focused on an edge site and at the correct frequency. The lack of particle-number conservation manifests itself directly in the properties of the edge states: along with the standard elastic transmission they can also mediate inelastic scattering processes. In terms of the original lab frame, light injected at a frequency ω p can emerge on the edge at frequency ω L − ω p where ω L is the frequency of the laser parametrically driving the system. This is analogous to the idler output of a parametric amplifier. Here, both signal and idler have a topologically protected chirality.
Shown in Fig. 4 are the results of a linear response calculation describing such an experiment, applied to a finite system with corners. We incorporate a finite photon decay rate κ in the standard input-output formalism, see Appendix E for details. Narrow-band probe light inside a topological band gap is applied to a site on the edge, and the resulting inelastic transmission probabilities to each site on the lattice are plotted, see Fig. 4(a) . One clearly sees that the probe light is transmitted in a uni-directional way along the edge of the sample, and is even able to turn the corner without significant backscatter. The corresponding elastic transmission [not shown] is also chiral and shows the same spatial dependence. In Fig. 4(b) we show the elastic and inelastic transmittions to the sites indicated in red (rescaled by the overall transmission, 1 − R where R is the reflection probability at the injection site) as a function of the probe frequency ω p . By scanning the laser probe frequency one can separately address particle and hole band gaps. The relative intensity of the inelastic scattering component is highly enhanced when the probe beam is inside a hole band gap, see also the sketches in Fig. 4(c-d) . When the parametric interaction between theα quasiparticles is negligible, the ratio of elastic and inelastic transmissions depends only on the squeezing factor r, [c. f. Eq. (9)], see Appendix E.
E. Physical realization
Systems of this type could be implemented in 2D photonic crystal coupled cavity arrays fabricated from nonlinear optical χ (2) materials [33] [34] [35] . The array of optical modes participating in the transport would be supplemented by pump modes (resonant with the pump laser at twice the frequency). One type of pump mode could be engineered to be spatially co-localized with the transport modes (ν on processes), while others could be located inbetween (ν off ). The required periodic phase pattern of the pump laser can be implemented using spatial light modulators or a suitable superposition of several laser beams impinging on the plane of the crystal. Optome-chanical systems offer another route towards generating optical squeezing terms [36, 37] , via the mechanically induced Kerr interaction, and this could be exploited to create an optomechanical array with a photon Hamiltonian of the type discussed here. Alternatively, these systems can be driven by two laser beams to create phononic squeezing terms [38] . A fourth alternative consists in superconducting microwave circuits of coupled resonators, where Josephson junctions can be embedded to introduce χ (2) and higher-order nonlinearities, as demonstrated in [39, 40] .
III. CONCLUSIONS AND OUTLOOK
In this work, we have shown how tunable squeezing interactions in a photonic system are flexible tools that allow the creation of new kinds of topological bosonic phases. We further demonstrated that the protected edge channels supported by such phases allow uni-directional elastic and inelastic coherent photon transport. Our work opens the door to a number of interesting new directions. On the more practical side, one could attempt to exploit the unique edge states in our system to facilitate directional, quantum-limited amplification. On the more fundamental level, one could use insights from the corresponding disorder problem [41] and attempt to develop a full characterization of particle non-conserving bosonic topological states that are described by quadratic Hamiltonians. This would then be a counterpart to the classification already developed for fermionic systems [42] .
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Appendix A: Details of the calculation of the band structure
Bogoliubov transformation and first-quantized picture
Here, we show how to find the Bogoliubov transformation Eq. (4) which diagonalizes the HamiltonianĤ defined in Eqs. (2,3) . It is convenient to switch to a first quantized picture by casting the second quantized HamiltonianĤ in the form
T and h(k) is the Bogoliubov de Gennes Hamiltonian. By plugging the Bogoliubov ansatz Eq. (4) into the Heisenberg equation of motion for the normal modes ladder operatorsβ † n,k ,
one immediately finds the generalized eigenvalue problem
Here, the matrixσ z is (minus) the identity for the (hole) particle sector,σ
The bosonic quadratic HamiltonianĤ describes the dynamics linearized around a stable classical solution if it is possible to find its normal mode decomposition. In other words, for all k the eigenvalue problem Eq. (A1) should have a set of three orthonormal (particle-like) solutions, c. f. Eq. (6) . A sufficient and necessary criterion for stability is that all eigenvalues ofσ zĥ (k) are real, see discussion below.
Particle-hole symmetry
The symplectic eigenvalue problem (A1) has an embedded particle-hole symmetry: for any particle-like solution with momentum k, energy E n [k], and wavefunction |k n there is a hole-like solution with momentum −k, energy −E n [k], and wavefunction
(notice that the hole-like solutions have negative length k −n |σ z |k −n = −1). Here, operator K gives the complex conjugate of the wavefunction andσ x exchanges particles and holes,σ
In other words, the Bogoliubov de Gennes Hamiltonian has the generalized symmetry C †ĥ (k)C = −ĥ(−k) where the charge conjugation operator C is anti-unitary and C 2 = 1 1 6 . Thus, our system represents the Bosonic analogue of a superconductor in the Class D of the standard topological classification. 
the pump vorticity). The matricesτ (k) andΛ are single-particle operators acting on the sub-lattice degrees of freedom. They have matrix elements: defined modulo 2) . Thus, a hole with quasimomentum m is converted into a particle with quasi-angular momentum m + m ν . In other words, a pair of downconverted photons have quasi-angular momenta −m and m ν +m, respectively. The additional quasimomentum m ν is provided by the pump photons. In order to write the off-diagonal parametric interaction compactly in terms of the quasi-angular momentum raising operatorΛ we have introduced the rescaled off-diagonal parametric coupling ν off = e −iδ/2 ν off for pump vorticity m ν = ±1 and ν off = ν off /2 for pump vorticity m ν = 0.
For the effective model Eq. (8) the Bogoliubov de Gennes Hamiltonian readŝ
Here, we have introduced the hopping matrixτ (k, Φ) in the presence of the synthetic magnetic field flux Φ. It has the following non zero matrix elements:
In the most general case, we calculate the band structure and the single-particle wavefunctions by diagonalizing the 6 × 6 matrixσ zĥ (k) numerically.
Analytical calculation of the band structure close to the symmetry points
One can gain much insight on the array dynamics, including the stability requirements and the array topology, by calculating analytically the band strucure at the symmetry points. This is a particularly easy task at the rotational symmetry points Γ, K, and K . There, the hopping matrixτ is diagonal in the basis of the quasiangular momentum eigenstates. Thus, in this basis the Hamiltonian becomes block diagonal with 2-dimensional blocks. Each block is described by a two-mode squeezing Hamiltonian, except for the quasi-momentum k = Γ and m = −m ν , when it is a single mode squeezing Hamiltonian
whereâ k,m is the creation operator of an excitation with quasimomentum k (k = Γ, K, K ) and quasi-angular momentum m. Moreover, τ m indicates the corresponding eigenvalue of the hopping matrixτ :
By diagonalizing the squeezing Hamiltonian we find the general expression for the eigenvalues
From an analogous calculation we obtain the spectrum of the effective model at the rotation symmetry points
whereτ m (k, Φ) are the eigenvalues ofτ :
Stability analysis
The system is stable when all eigenvalues ofσ zĥ (k) are real. If all eigenenergies of the unperturbed HamiltonianĤ 0 have the same sign the parametric interaction is off-resonant and the system is stable if the parametric couplings are below a finite threshold. On the contrary, if the unperturbed band touches the zero-energy axis, the parametric interaction is resonant for the zero energy modes leading to an instability for any arbitrarily small value of the coupling. Thus, the parametric instability sets an upper limit to the hopping J. For concreteness, we consider a positive onsite energy ω 0 (corresponding to a red detuned drive). In this case, all eigenenergies ofĤ 0 are positive if J < ω 0 /4. In this case, the system is stable for sufficiently small values of the parametric couplings ν on and ν off . Nevertheless, the threshold of an instability is reached as soon as the lowest eigenenergy of a particle-type band becomes zero for a finite value of the parametric couplings ν on and ν off . For the parameters of Fig. 3 the lowest band touches the zero energy axis at the Γ point. Thus, we can find an analytical expression for the instability threshold using the solutions at the rotational symmetry points Eqs. (A4,A5). In Fig. 3(a) the state with zero energy at the border of the unstable region has zero quasimomentum and an anti-vortex. Thus, the instability threshold is given by setting E −1 (Γ) = 0. In Fig. 3(b) the state with zero energy has zero quasimomentum and quasi-angular momentum. By setting E 0 (Γ) = 0, we find a simple expression for the instability threshold,ν =ω/4 −J cos[Φ/3].
Appendix B: Details of the definition and properties of the symplectic Chern number 1. Berry phase of a Bogoliubov quasi-particle
For an excitation conserving Hamiltonian, the Chern number of the m-th band can be viewed as a sum of Berry phases accumulated on a set of closed loops covering the whole Brillouin zone. In this case, the state which accumulates the relevant Berry phase is the m-th eigenstate of the single-particle Hamiltonianĥ k (a block with quasimomentum k of the single-particle Hamiltonianĥ). Below, we show that one can naturally extend this definition of the Chern number to any bosonic Hamiltonian including anomalous terms by identifying the relevant Berry phase in a second-quantized setting.
For each quasi-momentum k, the second-quantized blockĤ
of the full bosonic HamiltonianĤ is a six-mode squeezing Hamiltonian. If we regard the quasi-momentum k as an external parameter, we can ask ourself what is the additional Berry phase accumulated by a single Bogoliubov quasi-particle in a specific band n while the quasimomentum is varied adiabatically over a closed loop. In other words, we calculate the Berry phase accumulated by the many-body stateβ † k,n |S k where |S k is the Bogoliubov vacuum. We find
In the second line we have used thatβ k,n |S k = 0 (by definition of the vacuum). We note that the Bogoliubov vacuum |S k is quasi-momentum dependend and could possibly accumulate a Berry phase by its own, i¸ S k |∇ k |S k · dk = 0. However, the Berry phase of interest is the additional Berry phase accumulated by the quasi-particle added over the Bogoliubov vacuum.
Properties of the symplectic Chern numbers
Taking into account the orthonormality condition Eq. (6), one can immediately prove that the Chern numbers have the usual properties: (i) They are integer numbers; (ii) After a phase transition where two or more bands touch the individual Chern number of the band involved in the crossings may change but their sum does not change. Since the crossing of a particle and hole band lead to an instability rather than a phase transition, the sum of the Chern numbers over the particle bands is zero. In the topological phase diagram of Fig. 3(b) all Chern numbers change sign if the direction of the synthetic gauge field is inverted, Φ → −Φ. This has a simple explanation: To change the sign of the flux Φ and of the quasimomentum k corresponds to taking the complex conjugate of the BdG Hamiltonian in momentum space,ĥ(−k, −Φ) =ĥ * (k, Φ), c.f. Eq. A3. It follows that the single-particle eigenfunctions for opposite values of the flux and of the quasi-momentum are also related by complex conjugation, |k n (Φ) = (| − k n (−Φ) ) * . From the definition of the Chern numbers, c. f. Eq. 7, it immediately follows that the Chern numbers change sign under inversion of the synthetic gauge field Φ.
Border of the different topological phases
At a border of a topological phase transition a pair of Chern numbers can change their values because the corresponding bands touch. Generally speaking bands tend to repel each other rather than crossing. However, at a lattice symmetry point this phenomenon does not necessarily occur because the interaction of a pair of bands can be prevented by a selection rule. In particular, at the rotational symmetry points K, K , and Γ, a hole with quasi-angular momentum m can only be converted into a particle with quasi-angular momentum m + m ν . We note that due to inversion symmetry the bands must touch simultaneously at the symmetry points K and K . We refer to the set of parameters where the bands touch at the symmetry points K and K (Γ) as K-lines (Γ-lines). When also time-reversal symmetry is present there is band crossing at all rotational symmetry points. We refer to the set of parameters where timereversal symmetry occurs as T -lines. In addition, a pair of bands can touch at one of the three M points where one sublattice is decoupled from the remaining two sublattices (a particle or hole on that sublattice can not hop on the remaining sublattices). We note that due to rotational symmetry a pair of bands should touch simultaneously at all three M points. We refer to the set of parameters where a pair of bands touch at the M points as M -lines.
In our highly symmetric system, we expect most of the crossings to occur at a symmetry point. However, we note that accidental crossings away from any symmetry point are not forbidden. Indeed most (but not all) borders of the different topological phases in Fig. 2 can be identified with T -lines, K-lines, Γ-lines, or M -lines as explained below.
We first focus on the effective model. The vertical lines Φ = 0, ±3π are T -lines (there is time-reversal symmetry because the hopping amplitudeJ is real). One can also easily recognize the M -lines because they are horizontal. This must be the case because the spectrum at a Mpoint where a sublattice decouples from the remaining sublattices does not depend on the flux Φ. Indeed, there is such a horizontal line in the phase diagram of Fig. 2(b) . We note that it appears forν 2 ≈ |J ij |ω. Below, we show that this analytical expression holds when theα quasiparticles are described by an effective particle-conserving Hamiltonian. We can also find an analytical expression for the K-line and the Γ-lines as explained below.
We initially focus on the Γ-lines. We regard the band crossing condition of a pair of levels with quasi-angular momentum m and m ,Ẽ m (Γ) =Ẽ m (Γ) as an implicit equation for the parametric couplingν as a function of the flux Φ. We take advantage of the analytical expression for the spectrum at the rotational symmetry points Eq. (A5) to solve this equation. For m = 0 and m = −1, we find exactly one real positive solutioñ
in the intervals −3π ≤ Φ ≤ −π and 2π ≤ Φ ≤ 3π. Keeping in mind that the phase diagram is periodic with period 6π, this solution can be thought of as a single Γ-line which goes (for increasing flux) fromν = 0 at Φ = 2π back toν = 0 at Φ = 5π (Φ = −π). Indeed, such a line is visible in the phase diagram of Fig. 2(b) . From the implicit equationsẼ m (k) =Ẽ m (k), k = Γ, K one can find similar formulas for the remaining Γ-line and the Klines. In particular, the other Γ-line corresponds to the crossings of the levels with angular-momentum m = 1 and m = 0 and goes fromν = 0 at Φ = π back toν = 0 at Φ = 4π (Φ = −2π), see also Fig. 2(b) . There is not a third Γ-line because the levels with quasi-angular momentum m = 1 and m = −1 are degenerate only on the T -lines. Likewise, one can show that the K-lines go fromν = 0 at Φ = −π back toν = 0 at Φ = π and from ν = 0 at Φ = −2π back toν = 0 at Φ = 2π, respectively. We note that the formulas for the band crossings are exact and valid for an arbitrary ratio ofJ/ω. However, ifJ/ω is above a finite threshold the unstable region may overlap with the band crossings and not all topological phases will be present in the phase diagram.
Above we have identified all lines forming the border of the different topological phases in Fig. 2(b) except for the lines which appear above the M -lines very close to the T -lines and surrounds the white areas of the topological phase diagram Fig. 2 b. These lines correspond to accidental crossings which occur away from any symmetry point. They enclose four different topological phases (which are not listed in our legend for brevity).
Next, we discuss the topological phase diagram of the original model. A remarkable feature of our model is that there is only a single topological phase for any fixed value m ν of the pump circulation if the off-diagonal parametric terms are not present (ν off = 0): C = (∓1, 0, ±1) for m ν = ±1 and C = (0, 0, 0) for m ν = 0 . This is reminiscent of the anomalous Quantum Hall effect on a Kagome lattice with nearest neighbor hoppings (OMN model) where the topological phase is uniquely determined by the sign of the magnetic flux piercing a triangular plaquette, C = (∓1, 0, ±1) if the flux is positive or negative, respectively. Indeed, for small squeezing ν on , J ω 0 , the parametric interaction effectively induces a small synthetic gauge field with a positive flux for m ν = 1. This can be easily seen by switching to the effective description and neglecting the residual parametric terms. For concreteness we consider the case m ν = 1. For small squeezing and ν off = 0 we are somewhere close toν = 0, Φ = 2π inside the topological phase C = (−1, 0, 1) at the bottom right corner of the effective diagram. From the above analysis of the effective diagram we know that a topological phase transition can occur only if we cross a Γ or T -line. However, from the analytical solution of the spectrum at the rotational symmetry points of the original model Eq. (A4) we see that such crossings never occur on the ν off = 0 axis. Thus, there in no topological phase transition even for large squeezing if ν off = 0.
Effective excitation-conserving Hamiltonian
Whenω is much larger than |J| andν one can derive an effective excitation conserving Hamiltonian. In the regime whereν |J| it is not enough to keep the excitation conserving terms in Eq. (8) but one should also include the leading order correction inν/ω. We arrive at the excitation conserving Hamiltonian with next-nearestneighbor hoppings, In this simplified picture it is straightforward to calculate the band structure at the M points and finding the bad degeneracy conditionν 2 = |J jl |ω which leads to the horizontal line in the topological phase diagram of the effective model.
Appendix D: Bulk-boundary correspondence
It is well known that in a system with a boundary, the net number of edge states (the number of right-movers minus the number of left-movers) in a bulk band gap is a topological invariant [43] . This statement is based on the sole assumption that the band structure and the corresponding eigenvectors change smoothly in the presence of a local perturbation that does not close a gap. Thus, it clearly applies to any quadratic Hamiltonian. For the special case of an excitation-conserving insulator or a superconductor the bulk boundary correspondence expresses such topological invariant in terms of the Chern numbers: the net number of edge states in a band gap coincides with the sum of the Chern numbers of all bands below that band gap. Here, we explicitly show that the bulk-boundary correspondence is still valid for our model where anomalous terms are present.
We start noticing that the wavefunctions of the RWA Hamiltonian Eq. (C1) depend only on two parameters: the phase Φ/3 ofJ and the dimensionless next-nearestneighbor couplingν 2 /(|J|ω). By calculating the phase diagram as a function of these parameters [not shown] we see that it supports all topological phases present in the topological phase diagram of the effective Hamiltonian for theα-quasiparticles [our full model without approximations]. Thus, we can continously interpolate between the two Hamiltonians without crossing any topological phase transition [by sendingω → ∞ while also tuning Φ andν 2 /(ω|J|) to stay in the same topological phase]. Keeping in mind that the bulk-boundary correspondence holds for the excitation-conserving Hamiltonian Eq. (C1) and that the net number of edge states does not change during the interpolation [unless a gap is closed], we can conclude that such correspondence is valid for our model even for smallω where the RWA leading to Eq. (C1) is not a good approximation.
We note that the above reasoning combined with the assumption that a continuous interpolation between any quadratic bosonic Hamiltonian and an excitation conserving Hamiltonian is always possible without closing any band gap, leads to the general validity of the bulkedge correspondence.
